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I. INTRODUCTION
Many studies are reported on buckling and bending behavior of FGM structures. Reddy and Khdeir [1] studied the buckling and free-vibration behavior of cross-ply rectangular composite laminated plates using the classical, first order, and third order plate theories under various types of boundary conditions. Exact analytical solutions as well as finite element numerical solutions were developed in their studies. Axisymmetric bending of functionally graded circular and annular plates is studied by Reddy et al. [2] . They presented the solutions for deflections and force and moment resultants based on the first-order plate theory in terms of those obtained using the classical plate theory. The buckling analysis of circular orthotropic and FGM plates under thermal loads is given by Najafizadeh, and Eslami [3] - [4] . Khorshidvand et al. [5] presented buckling analysis of circular FGM plate integrated with piezoelectric layers subjected to three kinds of thermal loadings based on classical plate theory. Saidi and Hasani Baferani [6] studied the thermal buckling analysis of moderately thick functionally graded annular sector plate based on the first order deformation plate theory by using the equilibrium and stability equation.
Khorshidvand et al. [7] presented the thermal and mechanical stability problem of circular hybrid FGM plates based on first order shear deformation plate theory and derived closed-form solutions for critical buckling temperatures of perfect piezoelectric functionally graded plates, which are subjected to thermal and mechanical loadings and applied constant voltage.
The present paper deals with determination of the stability problem and presents closed-form solutions for critical buckling temperature of P-, S-, E-FGM circular plate, which are subjected to three kinds of thermal loading. Clamped edge boundary condition is assumed for the plate.
II. PROCEDURE FOR PAPER SUBMISSION
Consider a uniform thin circular plate made of FGM, as shown in Fig. 1 . To extract formulations, a cylindrical coordinate system is taken in the center of plate's middle plane. The FGM profile across the thickness direction of the plate, made of ceramic and metal constituent materials, may be assumed to follow a function form as P-FGM plates as 
The value of n, power law index, equal to zero represents a fully ceramic plate. Two power law functions S-FGM plates as (2) and exponential function E-FGM plates 
where m pr , c pr,pr denote any material property of the FGM, metal, and ceramic; such as the modulus of elasticity E and the coefficient of thermal expansion α . Note that the volume fraction of the ceramic is high near the top surface of the plate, and that of metal is high near the bottom surface. The relations (1), (2) and (3) indicate that the top surface of the plate (z = h/2) is ceramic-rich whereas the bottom surface (z = −h/2) of the plate is metal-rich. Generally, Poisson's ratio is assumed constant across the plate thickness. The material properties are assumed to be independent of temperature, and the stress and strain relations are linear. The constitutive relations of functionally graded materials in thermal environment for the plane-stress condition are written as
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The plate is assumed to be comparatively thin, and according to the Love-Kirchhoff assumptions, shear deformations normal to the plate are disregarded. Using the classical plate theory (CPT), strain components at distance z from the middle plane are given in matrix form as [8] 
where a comma in subscript indicates partial differentiation and where rr ε , θθ ε , and θ γ r are the normal and shear strain components along the r-, − θ respectively. The stress components in plane-stress condition in the plate (superscript h) are written as following
where the plane-stress-reduced stiffness are defined as 
The total potential energy for FG circular plate can be written as follows
Considering relations (4) to (9) and substituting them into relation (10) and integrating with respect to z, the total potential energy is obtained. Applying the Euler equations for total functional of U in Eq. (10), equilibrium equations yield [8] 
The stability equations of the circular plate are derived using the adjacent equilibrium criterion. We assume 0 u , 0 v , and 0 w as the displacement components of the equilibrium state and 1 u , 1 v , and 1 w as the virtual displacements corresponding to a neighboring state. The displacement components and then the linear incremental stress resultants are
Substituting relations (12) in Eqs. (11) and collecting the second order terms, the stability equations are obtained as
The force and moment resultants of plate are expressed in terms of the stress components through the thickness as follow
Stress resultants can be simplified in the matrix form as
where
are the stress resultants due to the applied temperature field on the plate, and they can be computed as
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Here polar symmetry condition is considered. Thus, for this case of discussion the first and second of stability equations (13), based on the displacement components, lead to 
Referring to Eqs. (15), using the membrane plate theory, the prebuckling forces are obtained as
Thus, the set of coupled stability equations must be solved. For clamped and immovable edge in r-direction, the boundary conditions are expressed as [9] ( 0) 0, 
Thus, the smallest root is a = 3.83. It is seen that for the clamped edge
Substituting the expressions (25) into (23), two linear homogeneous equations are obtained as
For a nontrivial solution of these equations, the determinant of coefficient must be set to zero and when the temperature distribution of the plate is a function of thickness direction only, λ is constant and yields.
Now, for the case of uniform temperature rise, consider a plate at temperature 0 T , the temperature may be raised to f T where the plate buckles. In such a case, using Eq. (27) and taking relation (28) the critical buckling temperature cr T Δ is expressed in the form 2 * *2
. For thin circular plates, the temperature distribution may be assumed linear through the thickness of the plate as
Consider temperature 1 T at top side of the plate and 2 T at the bottom side. The critical value of temperature difference is calculated to be
To calculate the critical buckling temperature for the case of gradient through the thickness of plate, the one-dimensional equation of heat conduction in the z direction must be solved. The heat conduction equation for the steady state one-dimensional case, in the absence of heat generation, becomes
Temperature boundary conditions at the top and bottom surfaces of the plate are
The solution of the heat conduction equation along with the thermal boundary conditions is obtained via the power-series solution as
where N is the number of expanded terms and should be chosen to assure the convergence of the solution.
Hence the critical temperature difference is 
III. RESULTS AND DISCUSSION
In the following, the axisymmetric stability and thermal buckling loads of an FG circular plate subjected to uniform temperature rise is derived and summarized in the preceding section. To validate the formulations of the present article, thermal buckling loads of the circular plate are compared with those obtained by Najafizadeh and Eslami [2] for isotropic plate. It is clear that from Eq. (27), taking PFGM circular plate, the same results is obtained for the homogeneous isotropic full ceramic circular plate. The results are obtained that are identical to those reported as in [2] . Now, consider an FGM circular plate. The material properties of metal (Aluminium), and ceramic (Alumina) constituents are given in Table I . For this example the results for thermal buckling loads is plotted in Fig. 2. Fig. 2 represents the critical buckling temperature versus h/a for a P-, S-, E-FGM clamped circular plate under uniform temperature rise. The mechanical boundary condition at the edge of the plate is assumed to be clamped supported. Here, the effect of FGM models and volume fraction index on thermal bucking temperature of plate can be seen.
IV. CONCLUSION
In the present article, the buckling analysis of FG circular plate is derived based on classical plate theory with the assumption of power law, Sigmoid, Exponential composition for the constituent materials. Boundary condition of the plate is taken to be clamped. Plate is subjected to uniform temperature rise, linear and nonlinear temperature distribution through the thickness. The thermal buckling capacity of circular plates as closed-form solution is presented.
It is concluded that: 1) The equilibrium and stability equations are identical for P-, S-, E-FGM plates.
2) The critical buckling temperature is reduced when volume fraction index increases, as the plate becomes more metal-rich. 3) A comparison between thermal buckling curves of power-law, sigmoid, exponential FGM circular plates in uniform temperature rise, indicate that for a certain value of a h/ thermal buckling capacity of circular plate made of P-FGM is better than S-FGM.
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